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Abstract 

A system of 0(A r )-matrix difference equations is solved by means of the off-shell 
version of the nested algebraic Bethe ansatz. In the nesting process a new object, the 
Il-matrix, is introduced to overcome the complexities of the 0(N) group structure. 
The proof of the main theorem is presented in detail. In particular, the cancellation 
of all "unwanted terms" is shown explicitly. The highest weight property of the 
solutions is proved. 
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R ■ 1 Introduction 



O(N) Gross- Neveu and O(N) a— models are asymptotically free quantum field theories 
which attract high interest, since they share some common features with QCD. Since 
perturbation theory fails for these models, exact results, such as exact generalized form 
factors are desirable and welcome. The concept of a generalized form factor was intro- 
duced in [HE], where several consistency equations were formulated. Subsequently this 
approach was developed further and investigated in different models by Smirnov [3] • Gen- 
eralized form factors are matrix elements of fields with many particle states. To construct 
these objects explicitly one has to solve generalized Watson's equations which are ma- 
trix difference equations. To solve these equations the so called "off-shell Bethe ansatz" 
is applied [U EJ E]- The conventional Bethe ansatz introduced by Bethe [7] is used to 
solve eigenvalue problems and its algebraic formulation was developed by Faddeev and 
coworkers (see e.g. [8]). The off-shell Bethe ansatz has been introduced in [9] to solve the 
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Knizhnik-Zamolodchikov equations which are differential equations. In [10J a variant of 
this technique has been formulated to solve matrix difference equations of the form 

K(ui, . . . , Ui + ac, . . . , u n ) = K(u x ...,u u ..., u n )Q(ux, ...,u n ,;i), {% = 1, . . . , n) , 

where K(u) is a co-vector valued function, Q(u,i) are matrix valued functions and k is 
a constant to be specified. We use here a co-vector formulation because this is more 
convenient for the application to the form factor program. For higher rank internal 
symmetry groups the nested version of this Bethe ansatz has to be applied. The nested 
Bethe ansatz as a method to solve eigenvalue problems was introduced by Yang [TT] and 
further developed by Sutherland [T21 [33] ■ 

In this article we will solve the O(N) difference equations combining the nested Bethe 
ansatz with the off-shell Bethe ansatz. This procedure is similar to the SU(N) [H] case, 
where also a nesting procedure is used. However, the algebraic formulation for O(N) 
is much more intricate because the R-matrix exhibits an extra new term. In addition, 
for SU(N) we can use the same R-matrix at every level, while for the group O(N) the 
R-matrix changes after each level. Therefore in our construction a new object, called II- 
matrix, is introduced in order to overcome these difficulties. This provides a systematic 
formulation of techniques introduced by Tarasov [15] and also used in [16]. In [T7] a 
different procedure was used to solve the O(N) on-shell Bethe ansatz for even N. 

The results of this article will be applied in [IB] to calculate exact form factors of the 
O(N) a- and Gross-Neveu models. We should mention that the first computation of form 
factors for 0(3) cr-model is due to [3] (see also [HIEO])- There are also new developments 
concerning the connection between 2d Conformal Field Theory (CFT) and integrable 
models with N = 2 Super Yang Mills (SYM) theories in different higher dimensions. First, 
there is a surprising relation between 2d-conformal blocks and the instanton partition 
function in iV = 2, 4d-SYM theory [21] (Alday, Gaiotto, Tachikawa - AGT relation) and 
this is a particular version of the AdS / CFT correspondence which is a more general part 
of the gauge/string duality. There is also a q-deformation of the AGT relation which 
connects the N = 2 5d-SYM theory and the q-deformed conformal blocks [22]. This last 
relation offers new insights and gives the intriguing hope that the form factor program can 
be used to obtain a deeper understanding of this connection. The solution of the difference 
equations is the first step to obtain the exact form factors and therefore important physical 
relations and correlation functions for integrable models. In fact, difference equations play 
a significant role in various contexts of mathematical physics (see e.g. [23] and references 
therein) . 

The article is organized as follows. In Section [2] we recall some results and fix the 
notation concerning the 0(N) R-matrix, the monodromy matrix and some commutation 
rules. We also introduce a new object, which we call the Il-matrix and which is a central 
element in our construction of the nested off-shell Bethe vector. In Section [3] we introduce 
the nested generalized Bethe ansatz to solve a system of 0(N) difference equations and 
present the solutions in terms of "Jackson-type Integrals". We introduce a new type of 
monodromy matrix fulfilling a new type of Yang-Baxter relation and which is adapted 
to the difference problem. In particular this yields a relatively simple proof of our main 
result, which is Theorem 13.51 In Section H] we prove the highest weight property of the 
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solutions and calculate the weights. The appendices provide the more complicated proofs 
of the results we have obtained. In particular, in Appendix [B] we determine all "unwanted 
terms" in the Bethe ansatz and show that they cancel. 



2 General setting and notion of the El-matrix 

2.1 The O(N) - R-matrix 
Let V l - n be the tensor product space 

V x - n = V x ® • • • <g> V n , (1) 

where the vector spaces V{ = C N , (i = 1, . . . ,n) are copies of the fundamental vector 
representation space of O(N) with the (real) basis vectors 

\a) r eV h (a = l,...,N). 

It is straightforward to generalize the results of this paper to the case where the Vi are 
vector spaces for other representations. We denote the canonical basis vectors of y x --- n by 

| a n ) ey u , (oi = l,...,JV). (2) 

A vector ti 1 -" e yi-n j s given in terms of its components by 

\ai,...,a n ) r v ai >~' a \ (3) 



v x...n 



A matrix acting in y x --- n is denoted by 

A u . n : y 1 - 71 -> y 1 - n _ (4) 

We will also use the dual space Vj.... n = (V 1 '" n ) . 

The O(N) spectral parameter dependent R-matrix was found by Zamolodchikov- 
Zamolodchikov [240. It acts on the tensor product of two (fundamental) representation 
spaces of O(N). It may be written as 

Ri2(u 12 ) = (I12 + c(u 12 ) P 12 + d(u 12 ) Ki 2 ) : V 12 -)• V 21 , (5) 

where P12 is the permutation operator, K12 the annihilation-creation operator and U\ 2 = 
Ui — u 2 . Here and in the following we associate to each space Vi a variable (spectral 
parameter) it, G C. The components of the R-matrix are 

5 7 

R%M =5151 + 5 s a 5; c{u 12 ) + 5^ 5 5 a , d{u l2 ) = u ^(u 2 , (6) 

a f3 



1 "We use here the normalization R — S/ 1 02 and the parameterization u — 6/iirv which is more conve- 
nient for our purpose. 
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from which P 12 and K 15 can be read off. The functions 



-12 



c(u) 



1 



d(u) 



v 



u u-l/u N-2 

are obtained as the rational solution of the Yang-Baxter equation 

#12(1112) #13(1*13) #23(1*23) = #23(1*23) #13(1*13) #12(^12) 



1 2 \3 1/ 2 d , 

where we have employed the usual notation [11]. We will also use 

R(u) = R{u)/a{u) 

with 



a(u) = 1 + c(u) 
The "unitarity" of the R-matrix reads as 



u- 1 



u 



#21(1*21) #12(1* 



L2i 



1 : 



and the three eigenvalues of the R-matrix are 

RJu) = 1 ± c(u) = #o = l + c m + Nd(u) = V- 

M U U—l/V 

The crossing relation may be written as 

#12(^12) = C 22 #21(^2) C 52 = C 11 R 2l (u 12 ) C 11 






1 2 



1 2 



(7) 



(9) 



(10) 



111 



(12) 



where u = \ jv — u. Here C 11 and Cn are the charge conjugation matrices. Their matrix 
elements are C a/3 = C a p = 5 a p where j3 denotes the anti-particle of (3. In the real basis 
used up to now the particles are chargeless which means that /3 = (3 and C is diagonal. 

In the following we will use instead of the real basis \a) r , (a = 1, 2, ... , N) the complex 
basis given by 

|a) = -= (\2a - l) r + i\2a) r ) 
v2 

I a) = —= (|2a - l) r - i\2a) r ) 
a/2 
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for a = 1,2, ... , [N/2]. If N is odd there is in addition |0) = |0) = |JV) r . The weight 
vector w = (wi, . . . , W[jv/2]) an d the charges of the one-particle states are given by 

for | a ) : w k = 5 ka , Q = 1 
for | a) : w k = -5 ka , Q = -1 
for | ) : w fc = , Q = . 

Remark 2.1 For even N this means that we consider 0(N) as a subgroup of U(N/2) 
and the charge Q is its U(l) charge. For N = 3 we may identify the particles 1, 1, with 
the pions ir±, 7Tq. 

The highest weight eigenvalue of the R-matrix is 

R[{(u) = R+(u) = a(u). 

We order the states as: 1, 2, . . . , (0), . . . , 2, 1 (0 only for N odd). Then the charge 
conjugation matrix in the complex basis is of the form 

C 5 ^ = 6 5 \ C aP = 5 aP (13) 





/o ■■ 


■ ■■ 


■ 1\ 


c= 


•■ 


■ 1 ■ ■ 


• 




\l •• 


• •• 


• 0/ 



The annihilation-creation matrix in (j^J) may be written as 

KS-y _ ftS'Yf-t 



2.2 The monodromy matrix 

We consider a state with n particles and as is usual in the context of the algebraic Bethe 
ansatz we define [251 18] the monodromy matrix by 



Tl... nfi (u,U ) = -Rlo(Wlo) ■ ■■Rnoi.Uno) 









1 


n 






(14) 



with u = ui, . . . , u n . It is a matrix acting in the tensor product of the "quantum space" 
yi...n _ y i (g> . . . (g> ]/ n and the "auxiliary space" Vq. All vector spaces Vi are isomorphic 
to a space whose basis vectors label all kinds of particles. Here V = C N is the space of 
the vector representation of O(N). 

Suppressing the indices 1 ... n we write the monodromy matrix as (following the no- 
tation of Tarasov [TB] ) 



rpc 



a 



a 




(Bi) & B 2 
(Cs)d ^ 



(15) 
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where a, a' assume the values 1, 2, . . . , (0), . . . , 2, 1 corresponding to the basis vectors of 
the auxiliary space V = C N and a, a' assume the values 2, . . . , (0), . . . , 2 corresponding to 
the basis vectors of V = C^ -2 . We will also use the notation A — A\, B = B\, C — C\ 
and D = A2 which is an (N — 2) x (N — 2) matrix in the auxiliary space. The Yang-Baxter 
algebra relation for the R-matrix ([8]) yields 



Ti... n ,a(u, U a ) T 1 ,„ n:b (u, U b ) R a b{u a b) = Rab(u ab ) Ti,„ n ^(u, U b ) Tl... n ,a(M, «a) 



(16) 



a 






b 






b 


1 


n 













b 


b 






a 




1 


n 





2.3 A lemma 

In our approach of the algebraic Bethe ansatz the following lemma replaces commutation 
rules of the entries of the monodromy matrix. In the conventional approach one derives 
them from the Yang-Baxter algebra relations (TIB"]) and uses them for the algebraic Bethe 
ansatz. 

Lemma 2.2 For the monodromy matrix the following identity holds 

n 

Tl... n ,a{u, V) = li . . . l n l a + 2j c(Ui - v)R la (Uu) . . . P ia . . . R na (u n i) 



i=l 



^2 d ( u i - v)R la (u il ) . . .Ki 

3=1 



with u — \ jv — u, or in terms of pictures 



Rna{u in ) (17) 











1 


i 


n 






8=1 



C(Ui -V) 



+ s ^2 / d(u i - v) 



Proof. The R-matrix R(u) (see (EJ) and ([7])) is meromorphic and has simple poles at 
u = and u = \ jv due to the form of c(u) and d(u) such that 



ResTi.,. n a (u,t)) = Res c(ui - v)R la {u li ) 

V=Ui V=Ui 



R 

no [U r , 



Res Ti 



Res d(uj - v)R la {un) ...K ia ... R ma {ui 

V=Ui — l/u 



holds. The claim follows by Liouville's theorem because lim T L .. n a (M, v) — 1\ . . . l n l a - 
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Similarly we have for the crossed monodromy matrix 

T a ,l...n{v,U) = Ran{v ~U n ) ... R al {v - U X ) 

the relation 

n 

T at l... n (v,u) = l a li ■ ■ ■ l n + ^ C(V - Ui)R an (Ui n ) ...P ai ... R al (Un) 

1=1 

n 

+ ^2d(v - Ui)R am (u mi ) ...K ai ... R al (uu) . (18) 

i=l 

Note that the crossing relation f TTT]) implies 

T a>1 ... n {v a , u) = C 6a T L .. ni6 (u, v b )C ab (19) 

with Vb = v a — \/u. 

2.4 The Matrix II 

The nested Bethe ansatz relies on the principle that after each level the rank of the group 
(or quantum group) is reduced by one. For SU(N) the rank is N — 1 and for O(N) 
it is [N/2]. This means that the dimension of the vector representation (where the R- 
matrix usually acts) is reduced by 1 for the case of SU(N) and by 2 for case of O(N). A 
more essential difference is that for SU(N) one can use in every level the same R-matrix, 
because (with a suitable normalization and parameterization) the SU(N) R-matrix does 
not depend on N. In contrast for O(N) the R-matrix changes after each level, because it 
depends on N. Therefore we need a new object called matrix II, which maps the O(N) 
R-matrix to the 0(N — 2) one. We use the notation 

R(u) = R(u, N - 2) = 1 + Pc(u) + Kd(u) (20) 

d(u) = — = ; 

v ' u-l/u u-l/v+1 
with v = 2/(N — 4). The components of the R-matrix R(u) will be denoted by 

R^(u), d,/3,7,5 = 2,3,...,(0),...,3,2. 

In addition to V 1 '"" 1 = V\ <g> • • • ® V m ([I]) we introduce 

V x - m = V x ® ■ ■ ■ ® V m , (21) 

where the vector spaces V{ = C N ~ 2 , (i = 1, . . . , m) are considered as fundamental (vector) 
representation spaces of 0(N — 2). The space Vt is spanned by the complex basis vectors 
|l),|2),...,|2),|l)and^by|2),...,|2). 
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Definition 2.3 We define the map 

n L .. m : v 1 -" 1 ->• f 1 -™ 

recursively by Hi = ~K\ and 

n L .. m (V) = (vr 1 n 2 ... m )e a T 1 ... mja (M,M a )e a 



(22) 



with the projector tt : V — > V C V , the monodromy matrix [Lfy and u a — U\ — 1. T7ie 
vector e a <E V a (acting in the auxiliary space of Ti m a ) and the co-vector e a G (K) 
correspond to the state 1 and Ziove i/ie components e a = Sf, e a = - This definition may 
be depicted as 



2 m 



n, 




2 772 

Lemma 2.4 In particular for m = 2 the matrix II 12(^1,142) may be written as 

n u (a) = vr^ + /(u 12 )C 12 e ie2 (23) 
witt e 2 = C 2a e a (e a = o^J and /(tt) = —d(l — it). satisfies the fundamental relation 

Rl 2 (ui 2 )U 12 (ui,U 2 ) = n 2 i(w 2 , Ml)-Rl2(Ml2) , (24) 

where Ru is the 0(N — 2) R-matrix. 

Proof. Equation (I2"3l can be easily derived. We calculate (122]) for m = 2 with 

Ma = Ml - 1 

II 12 (m) = 7Ti7r 2 e a Ti 2ia (M, w a )e a 

= 7Ti7r 2 e a i?i a (ni - u a )R 2a (u 2 - u a )e a 

= 7ri7r 2 e a (lil a + c(l)Pia) (l 2 l a + d(u 2a + l)K 2a ) e a 

= 7Ti7r 2 + c(l)d(u 2 i + l)C 12 eie 2 . 

Use has been made of c(l) = — 1 and 7r 1 7r 2 e a Pi a K 2a e a = C 12 eie 2 . Equation (j2"4"j) is derived 
for all components. Obviously 

RP?'(u)C & P = Ro{u)&' & ' 
holds, where the scalar R-matrix eigenvalue is (see (11 01) ) 

Ro(u) = a(u) + (N - 2) d{u) . 
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Therefore the relations 



#12(^12)1112(1412) 



P'a' 
otfi 



and 



Yi 21 {u 2l) R 12 {u l2 )T a ; = 4<;<;'(«i2) + / W^flJiW 



•> ^a' - ft a/3 

are valid. The claim of the lemma is then equivalent to 



(z) : <i(w) = d(u) + f(—u)d(u) for a or /3 7^ 1, 1 

(zz) : = d(u) + f(-u) (1 + for a = 1, = 1 

(m) : f(u)R (u) = d(u) + /(-«) (c(it) + tZ(«)) for a = 1, /3 = 1. 

These equations may be easily checked with the amplitudes (JZj). ■ 
The matrix II12 may be depicted as 

a $ 



a (3 

X/, 



+ /K2) 



a (3 a (3 

These results can be extended to general m, as presented below. 
Lemma 2.5 The matrix IIi... TO (w) satisfies 

(a) in addition to |H)) the recursion relation 

IIi... m («) = (n L .. m _i7r m ) e b Ti... m>b (u,M b )e fe (25) 
with Ub — u m — 1/v + 1, and 

(b ) the fundamental relation 

Rij(uij)Tl.. Aj ..Xu) = U...ji...(u)Rij(uij) ■ (26) 

(c) The matrix eoTi... m> o(u, uo)e° acts on IIi... m (u) as the unit matrix for arbitrary w 

ni... m (w)e Ti... m>0 (u, u )e° = Hi... m (u) . (27) 

(d) Special components ofU satisfy 

(28) 
(29) 
(30) 
(31) 



T-rOi...a m / 
u la 3 ...a m \ Ul ' ■ ■ 




= 




TT&i...a m / 
ii da 2 ...a m l"l' • • 


• j ^"m) 




■ j ^m) 


n 4i -* m -Au X ,.. 

ai...a m _il\ " 


• j ^m) 


= 




jva 1 ...a m j 


• ; "m) 


™...a ro _ 1 / 
ii ai...a m _il"l5 • • 


,« m -l)^ m 



1,1. 
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The proof of this Lemma is presented in appendix |X] 

The recursion relations ( 12 2 p and (1251) can be rewritten as (see also lemma 12.41 for 
m = 2) 



ni... m (w) = 7r 1 n 2 ... m + ^2 ' ' ' Rj2C lj U2...j... m e 1 ejRj m ■ ■ ■ Rjj+i 



(32) 



3=2 



m— 1 



ni... m _l7T m + f{Uj m )Rj + ij ■ ■ ■ ^ m _ijC jm rii...j... m _ie : ,i?ij • • • Rj-ije m (33) 



or in terms of pictures 




In particular 



7T 



n m _i 



n m _i 



7T 



i=2 



m 



n 



m-2 



m— 1 



■it 



m 
m 



n 



m-2 



m 

^ f-Rjj-i " " • Rj2C lj Yl 2 ...j... m ejRjm ■ ■ ■ Rjj+i 



3=2 



a 2 ...a ri 



(34) 



i-rai...a m / 
u ai...a ro -ill u l 



, . . . , tt m 

m— 1 



f( u jm) (j^j+lj ' ' ' -Rm-ljrC Jm ili...j.. .m-iejRij • • • Rj- 



ai...a m _i 



(35) 



3 The O(N) - difference equation 

Let Ki_ n (u) G V\... n be a co-vector valued function of u = Ui, . . . , u n with values in V\,,, n . 
The components of this vector are denoted by 

K ai ... an {u) , (o i = l,2,...,(0),...,2,l). 

The following symmetry and periodicity properties of this function are supposed to be 
valid: 
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Conditions 3.1 

(i) The symmetry property under the exchange of two neighboring spaces Vi and Vj and 
the variables u,- t and Uj, at the same time, is given by 

K...ij...(- ..,Ui,Uj,...) = . -,Uj,Ui, . . . )Rij(uij) , (36) 

where R(u) = R(u)/a(u) and R(u) is the O(N) R-matrix. 

(ii) The system of matrix difference equations holds 

K X ... n {- ..,«•,...) = i^l... n (- • • , Ui, ■ ■ ■ )Q\...n{m «) , {i = I, ■ ■ ■ ,n) (37) 



with u' i = Ui + 2/u. The matrix Qi... n (u; i) G End(V l ~ n ) is defined as the trace 

Qx...n{m i) = tr f Q>1 ___ n>0 (u, i) (38) 
of a modified monodromy matrix 

T Q ,l...nfi{u, i) = Rw(Ux -U'i) • • • P i0 • • • R n o{u n - Ui) . 

The Yang-Baxter equations for the R-matrix guarantee that these properties are compati- 
ble. The shift oi2/v in eq. ( I37|) could be replaced by an arbitrary k. For the application to 
the form factor problem, however, it is fixed to be equal to 2/u in order to be compatible 
with crossing symmetry. The properties (i) and (ii) may be depicted as 



K ) ( K 



with the graphical rule that a line changing the "time direction" changes the spectral 
parameters w— > u±l/v as follows 

r~~^\ u\ \u+i/u 
u\ \u-\jv v_y 

Instead of the Yang-Baxter relation (TIB"]) the modified monodromy matrix Tq satisfies the 
Zapletal rules [TH 0]. We have for i — 1, . . . , n 

Tq{u; i) T (u', v) R i0 (ui - v) = R^u'i - v) T (u, v) f Q (u; i) (39) 

with u[ = ux, ■ ■ ■ , u'i, . . . , u n and u\ = Ui + 2/u. The Qi... n (u', i) satisfy the commutation 
rules 

Qx... n {- ■ - Ui . . .Uj . . .]i) Qx...n{- ■■ U [...Uj...] j) 

= Qi...n{- . .Ui. . .Uj . . .;j) Qx...n(- ■ - Ui. . .u'j . . .;i) . (40) 
The following Proposition is obvious 
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Proposition 3.2 Let the vector valued function Kx... n (u) G V\___ n satisfy (i). Then for 
all i = 1, . . . ,n the relations (3.2) are equivalent to each other and also equivalent to the 
following periodicity property under cyclic permutation of the spaces and the variables 

ia2...a n C^l) ^2) • • • j Un) Ka2-..a n ai 

(u 2 ,...,u n ,ui). (41) 

Remark 3.3 The equations IT3bj41\ ) imply Watson's equations and crossing relations for 
the form factors 126^ . 

Because of proposition 13.21 we mainly consider Qi... n (u,i) for i — 1 

n 1 

Qi...n(u) = troT QA ,„ nfi (u) = Y\_— ( — ^■tr TQ ) i... n)0 (u) 



k=2 



(42) 



with TQ t i.„ nj o(u) = Tq ) i... t1j o(«, 1). In analogy to eq. (fl5j) we introduce (suppressing the 
indices 1 . . . n) 

/ A Q (u) B q {u) B Q)2 {u) \ 

T Q {u) = C Q {u) D Q {u) B q , 3 (u) . (43) 

V C Q , 2 {u) C Q , 3 (u) A Q , 3 (u) J 

3.1 The off-shell Bethe ansatz 

We will express the co- vector valued function K~a(u) in terms of the co-vectors 

*«(«, v) = h(v) $f («, v) = (L(v)$(u, v))„ , (44) 

where summation over fa, . . . , f3 m , fa = 2, . . . , 0, . . . , 2 is assumed and L-Jv) is a co- vector 
valued function with values in V\,„ m ~ C^ -2 <g) • • • <g) C^ -2 . We assume that for Lz(v) the 



higher level conditions of 13.11 hold with R and Q replaced by R and Q (which means iV 
is replaced by N — 2) 



(i) {1) : /....,,...{. . . ,v h Vj, . . .) = /-...„...(. . .,Vj,v h . . . )R ij {v ij ) 

(ii) (1) : Lx... m (. ..,«{,...) = Li... n (. . . , v h . . . )Qi... m {v, i) ■ 



(45) 
(46) 



with! v[ = Vi + 2/u. 

The Bethe ansatz states are! 







n 















V 








a 


u 



2 Note that the shift 2/v is the same in the higher level off-shell Bethe ansatz. 
3 The $a are generalizations of the states introduced by Tarasov in |15j . 



(47) 
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Remark 3.4 The condition ftj5\ ) implies the symmetry 

^a{u, . . .Vi, Vj . . . ) = Vju, . . . Vj, V { . . . ) . (48) 

The reference state Q ( "pseudo- vacuum" ) is the highest weight co- vector (with weights 
w = (n,0,...,0)) 

V* = ■ ■ ■ 51 . (49) 

It satisfies 

/ ai(u,v) \ 

ttT(u,v) = nl * a 2 (u,v) , (50) 

\ * * os(w,u) / 

n n 

a>i(u,v) = Y\_ a ( u k ~ v) , a 2 (u,v) = 1 , a 3 (u,v) = J| (1 + d(u k - v)) . 



k=i 



k=l 



We also have for Tq(u) = Tq(u, 1) 



1 

nT Q (u) = nY[a( Ukl ) [*00 

k=2 \ * 



(51) 



The system of difference equations (157)1 can be solved by means of a nested "off-sheir 
Bethe ansatz. The first level is given by the off-shell Bethe ansatz 



(52) 




where the state \I/ is defined by (jUJ) and (T4T1) and the scalar function g(u,v) is 

n m 

g(u, v) = n n ^ - n r ^ ~ ^ ■ 

i=i j=i i<*<i<"i 
The functions ip{ u ) an d T i v ) satisfy the functional equations 

i/j(u') = a(u)ip(u) , r(v')a(v') = a(—v)r(v). 
with u' = u + 2/v The summation over v is specified by 

v = . . . , v m ) = fa - 2h/u, . . . , v m - 2l m / u), heZ, 
where the Vi are arbitrary constants. 



(53) 

(54) 
(55) 



The sums (152]) are also called "Jackson-type Integrals" (see e.g. [li)j and references 
therein). Solutions of (151| are 



t(v) = V- 



We are now in a position to formulate the main result of this paper. 



(56) 
(57) 
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Theorem 3.5 Let the co-vector valued function Ki n (u) G V\___ n be given by the Bethe 
ansatz ( f5S|) and let g(x,u) be of the form IToS\) . If in addition the co-vector valued function 
Li... m (v) £ Vi...m satisfies the properties (i)^ and {ii)^ l \ i.e. equations IT3b)) and for 
0(N — 2), i/ien i^i... n (w) satisfies the equations l[3b)) and (37\ ) for O(N), i.e. Kx_ n (u) is 
a solution of the set of difference equations. 

The proof of this theorem can be found in appendix [B] 

Iterating (I52"|) . fT4"4"|) and theorem 13.51 we obtain the nested off-shell Bethe ansatz with 
levels k — 1, . . . , [(N — 1) /2] — 1. The ansatz for level k reads 

^ ( TnL (« (fe - 1} ) = E ^ (fc - 1) (- (fc - 1) ,« (fc) ) (M (fc - 1) ,« (fe) ) (58) 

^l^W* 3 ) = (^ (fc) (^ ) )$ (fc - 1) (^- 1 U (fc) )) 1 ... nfc _ 1 , 

where is the Bethe ansatz state flUD and g (fc) the function (JS3D for 0(N — 2k). The 
highest levels differ from that of theorem 13. 5[ but they are given by the 0(3)-problem for 
N odd or the 0(4)-problem for iV even. These two case are investigated below. 



Corollary 3.6 The system of O(N) matrix difference equations (ET ) is solved by the 
nested Bethe ansatz with Ki___ n (u) = K^\_ n {u) . 

3.1.1 The off-shell Bethe ansatz for 0(3) 
The 0(3) R- matrix is 

-1 1 

R{u) = 1 + c(u) P + d(u) K, c(u) = — , d{u) 



u ' w u -1/2 ' 

The solution of the difference equations f[3T)j) -( l3"5j) is again given by the off-shell Bethe 
ansatz (l52l - (l5"Tj) . The Bethe vector \l/ is expressed in terms of the co- vectors (T47|) 



^a{u,V_) = L(v) $ a {u,v) , 



where the scalar function L(v) has to satisfy 

L(. . . , Vi, vj, . . . ) = L(. . . , vj, v i: . . . )R(v ij ) 
L(v[, v 2 , . . . , v m ) = L(v 2 , ...,v m , v^ 

with R(v) = i v+ ] ) S v ~] / ,l\ . For iV = 3 i.e. v = 2 we have 

ip(u) = — - , t(v) = v 2 . 
u — 1 

and v' = v + 1. The the minimal solution of the equations f )59|) is 



(59) 



L(v)= J] Li 

l<i<j'<m 

T . . 7r(t>-l/2) 

Llw) = ; -tan7rv. 

4l) D-l 
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The 0(3) weight of the state ^a{% v) is 

w = n — m . (60) 

3.1.2 The off-shell Bethe ansatz for 0(4) 
The 0(4) R- matrix is 

R(u) = 1 + c(u) P + d(u) K, c(u) = —, d(u) = —^—. 

u u — 1 

We could apply theorem 13.51 and write the off-shell Bethe ansatz for 0(4) in terms of an 
0(2) problem. However, the latter cannot be solved by the Bethe ansatz because the 
R- matrix is diagonal (note that = 0). But there is another way to solve the 0(4) 
problem. The group isomorphism 0(4) ~ SU(2) £g> SU(2) reflects itself in terms of the 
corresponding R- matrices. Indeed, the 0(4) R-matrix can be written as a tensor product 
of two SU (2) R-matrices, or more precisely 




The SU(2) R-matrices R^ 7 ^^) = i?^ 7 ^ (u) / a(u) correspond to the spinor representa- 
tions of 0(4) with positive (negative) chirality 

R SU(2) =1 + p ^ 



where the amplitude c(u) = —1/u is again given by (j7j). The relative R-matrix for states 
of different chirality is trivial R = 1. The intertwiners are 

r a AB = {i + i a c) AB 

with the 0(4) gamma matrices 7°, 7+ = \ (1 + 7 s ) and the charge conjugation matrix 
C. For more details see [27| [28] . In the complex basis of the 0(4) and the fundamental 
representations of the SU{2) the states have the 0(4) weights 

vector states 0(4) weights spinor states 0(4) weights 

1 (M) U 

2 (0, 1) |+ 
2 (0,-1) t- 
1 (-1,0) 



*2> 
1 

2 ' 



(61) 



(I _i) 



1 
' 2 ■ 
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Because of weight conservation the intertwiner matrix is diagonal in this basis and is 
calculated to be 



AB 



( r t+t- 











\ 


( 


-l 








o\ 





r 2 

1 t+i- 















1 





























1 





V o 








r 1 


J 


\ 











1 / 



(62) 



We also use the dual intertwiner Y AB with 

E r a> -pAB ra' V^ r A'B' r a _ 
1 AB L a — °a i /-^ a AB ~ A B ' 



A,B 



We write the co- vector valued function Ka{u) as 



K 



a 




(63) 

(64) 
(65) 



where T~ = Y\a=i ^a iBi - The transfer matrix trT°^(u,v) can also be decomposed such 
that 



A 



' ' ^il^ 1 A'B' \- L + J 



A' 



7 \ / A 

K { +\u)[T+ | (//./■ 



5(7(2) 



B' 



B 



nSU(2)Y 

J A 



B 



B 



(u,v) r 



^AB 



K 



7- 



7 



A 



K M ) (^KM 
A B- 




where (163]) has been used. Therefore Ka(u) satisfies the 0(4) symmetry relation ( 136]) and 
the difference equation (13T1) if the (u) satisfy the corresponding SU (2) relations. 
The SU (2) on-shell Bethe ansatz is well known and the off-shell case has been solved 

in da m Eg 



V 

^(u,v) = QC(u,v m ) . . . C(u,vi) , 
where J2 V and g(u,v) are given by fl53|) -f l57|) . For N = 4 i.e. v = 1 we have 



(66) 
(67) 



£H±1) ( \ 
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The SU (2) weights of the state (157]) are w = (n — m,m) and due to ( 1ST]) the 0(4) weights 
are 

J (n — to, —to) for positive chirality spinors 
1 (n — to, to) for negative chirality spinors. 

Therefore the 0(4) weights of (1641 are (see also [TT] ) 

u> = (n — n_ — n + , n_ — n+) , (68) 
where n± are the numbers of positive (negative) chirality O-operators. 

4 Weights of off-shell O(N) Bethe vectors 

In this section we analyze some group theoretical properties of off-shell Bethe states. We 
show that they are highest weight states and we calculate the weights. The first result is 
not only true for the conventional Bethe ansatz, which solves an eigenvalue problem and 
which is well known, but it is also true, as we will show, for the off-shell one which solves 
a difference equation (or a differential equation). 

By the asymptotic expansion of the R-matrix (J^) and the monodromy matrix f|14jl we 
get for u — y oo 

Rab{u) = l ab - ~M ab + 0{U- 2 ) (69) 

u 

M ab = P ab - K ab . (70) 

More explicitly eq. (1T4"]) gives 

T!... n , a (u, u) = l L ..„, a + - M L ..„ >a + 0(u- 2 ) (71) 

u 

M u . n>a = (P aa - K la ) + • ■ ■ + (P na - K na ) . (72) 

The matrix elements of Mi...„ >a , as a matrix in the auxiliary space, are the O(N) Lie 
algebra generators. In the following we will consider only operators acting in the fixed 
tensor product space V 1 ' " n of (]T|). Therefore we will omit the indices 1 . . .n. In terms of 
the matrix elements in the auxiliary space V a the generators act on the basis states as 

n 

(ax, . . . ,ati, . . . ,a n \ M° = ^ (s aai ( «i, . . . , a', . . . , a n | - 5 a > ai { ai, a, ...,a n \j . 

i=l 

(73) 

The diagonal elements of are the the weight operators W a with 
(«!,..., ttj, . . . , a n | W a = w a { ai,..., a i; . . . , a n | 

where n a is the number of particles a in the state. It is sufficient to consider only the 
weights 

w = (wt,.. . ,W[ N /2)) (74) 
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because of W a = —W^ and (a \ Wq = for N odd. 
The Yang-Baxter relations (I16p yield for u a — > oo 

[M a + M ab ,T b (u b )} = (75) 

and if additionally u b — > oo, we get 

[M a + M ab ,M fe ] = 0, (76) 

or for the matrix elements (in the real basis) 

K', 2f («)] = + <^'7») + if - ^(u)^ (77) 

[M^', M|'] = -S^Mf + 5 a 'P'M a p + MgSf - M%8 a p. (78) 

Equation (1751) represents the structure relations of the O(iV) Lie algebra and (1771) the 
0(iV)-covariance of T. In particular the transfer matrix is invariant 

[M^,trT(u)] = 0. (79) 

Theorem 4.1 1. If the co-vector valued function 

V 

is given by the nested off-shell Bethe ansatz l[58\) the weights ( f7^| ) are iu = 

f (n - m, . . . , n im -i - n [m ) for N odd 

L/J [n — ni, . . . , ri[jv/2]-2 — n- — n + , n_ — n + J for N even . 

2. If Ka(u) satisfies the conditions of theorem \3.5\ and if Ldv) is a highest weight 
state, then Kg{u) is a highest weight state: 

K(u)M* = for a' < a . 

(Recall that a' < a is to be understood corresponding to the ordering 
1,2,..., [AT/2], (0),[N/2],... ,2,1 .) 

3. The weights satisfy the highest weight condition 

j w\ > w 2 > ■ ■ ■ > W[n/2] > for N odd 
1 Wi > w 2 > ■ ■ ■ > |w?[jv/2]| f or N even. 

The proof of this theorem can be found in appendix O We mention that for N even 
the highest weight property was already discussed in appendix B of [TTj . 
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5 Conclusion 

In this article we solved the O(N) -matrix difference equations by means of the off-shell 
algebraic nested Bethe ansatz. We introduced a new object called H-matrix to overcome 
the difficulties connected to the special peculiarities of the O(N) symmetric R- matrix 
structure. The highest weights properties of the solutions were analyzed. We believe 
that our construction can also be applied to the cases with similar group theoretical 
complexities, such as B n , C n , D n Lie algebras and superalgebra Osp(n\2m) (see [16]). 
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Appendix 



A Proof of Lemma 12.5 

Proof. 

(a) We prove fl25l) by induction: It is true for m = 2, because similar to (f23|) 

7ri7r 2 e 6 Ti2,;,(M, u b )e h = + f{u 12 )C l2 eie 2 • 
We assume (T25j) for m — 1 and replace in the definition (f22l) n 2 ... m as given by ([25 
ni... m = 7Tin 2 ... m e a Ti 



e a 

7. ( 



= (7rin 2 ... m -i7r m ) e a Ti... mja e a e fe Ti... m)6 e fe 
= (7rin 2 ... m _i7r m ) e a T L . 

.in— l,a& be 

(1 Il...77t— l^*77t) e^T\ m }j& . 

for u a = U\ — 1 and Uf, — u m — 1/u + 1. Going from equality 2 to equality 3 



n, 



TT i 



n 



m-2 



7T 



7T ' 



n 



m—2 



> TV 
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we have T 2 ... m ,b replaced by TL. mj &, which means Ri b (ui b ) may be replaced by l^, 
because 

e b R lb (u lb )e a R la (u la ) = e b e a R la (l) + c(«i 6 )eie i2i o (l) = e b e a R la (l) 

holds, where eie Q i?i a (l) = e.\e a a{l) = has been used. Similarly, equality 5 holds. 
Equality 4 holds because the Yang-Baxter equation for R implies that e a Ti... mja e a 
and e b Ti,,, m ^ b e b commute. 

(b) Again we prove ( 1261) by induction. For m = 2 the claim was proved in section 12.41 
for m > 2 it follows for 1 < i < j from fl22|) and for i < j < m from fl25|) . 

(c) The proof of equation (12T1) is similar to that of a). We commute T{u a ) and T(u Q ), 
use eo7Tii?io(Mio)-Ria(l) = eovri and apply induction: 

ni... m e Ti... mi o(Mo)e° = (7Tin 2 ... m ) e a Ti... m>a e a e Ti... mi o(uo)e 
= (7Tin 2 ... m ) e Ti... mi0 (Mo)e°e a T L .. mia e a 
= 7Ti (n 2 ... m ) e T 2 ... mi o(Mo)e e a ri... mia e a 

— ( 7r in2...m) ZaT\...m,a0 l = ^1. ,.m ■ 

(d) Equations flU} and (gS) follow from and ^(l) = 0, fl^l) = and 
analogously f[5U|) and ( 1HT|) . 



B Proof of the main theorem 3.5 



In the following we use the convention that a, (3 etc. take the values 1, 2, . . . , (0), . . . , 2, 1 
and a, $ etc. take the values 2, . . . , (0), . . . , 2. 

(i) Proof. Property (i) in the form of fl36l) follows directly from the Yang-Baxter equa- 
tions and the action of the R-matrix on the pseudo-ground state Vt 

{'!'.. .;,,...){ (• • • Uj, Ui . . . ) Rij{uij) = Rijiuij) ('/'„.,•/...),'' (• ..Ui,Uj...) 
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(ii) Proof. We prove 

K X .M) = K x ... n {u)Q x ... n {u) , (B.l) 

where u' = {u\ + 2/u, w 2 • • • , u n ). The matrix Q(u) = Q(u, 1) is given by f|42|) . Note that 
we assign to the auxiliary space of Tq(u) the spectral parameter u± on the right hand side 
and u[ = Ui + 2/u on the left hand side. The difference equation ( IB.ip may be depicted 
as 



K 



where we use the rule that the rapidity of a line changes by 2/u if the line bends by 360° 
in the positive sense. In the following we will suppress the indices 1 . . . n. We are now 



going to prove fIB.lj) in the form 



n 

K(u) (Aq(u) + D Q ^u) + A 3jQ (w)) = \{a{u kl )K{y!) 



k=2 



(B.2) 



where K(u) is a co- vector valued function as given by eq. ( 15 2 p and the Bethe ansatz state 
f l44|) . To analyze the left hand side of eq. (IB. 2ft we proceed as follows: We apply the trace 
of Tq to the co- vector K(u). In particular we calculate v)Tq(u) 



Pi Pm 

J I 



n, 



nklT*»(u,v m ) ■ ■■T? l (u,v 1 ) {T Q {u)) 



1 1 











V 










Ul 




U 2 





1 

'7 



We now proceed as usual in the algebraic Bethe ansatz and push Aq(u), Dq^(u) and 

t4 3i q(m) through all the Tf ^-operators. As usual we obtain wanted terms and unwanted 
terms. We first find that the wanted contribution from Aq(u) already gives the result 

we are looking for. Secondly the wanted contributions from Dq^(u) and A 3 ^q(u) applied 

to Q give zero because of (l5~li) . Thirdly the unwanted contributions from Aq(u), Dq^(u) 
and A 3 ^q(u) can be written as differences which cancel after summation over the Vj. All 
these three facts can be seen as follows. 

The "wanted terms" from Aq are obtained if one writes the Zapletal commutation 
rule (139]) as 

Ti k (u, v k ) A Q (u) = A Q (u) Tf*(u', v k ) a(ui - v k ) + uw . 
Therefore we obtain 



(L(v)nu, v) Q7f m (u, v m )--- Tf 1 (u, Vl )A Q (u 



w A + uw A 



B PROOF OF THE MAIN THEOREM\M 22 
with 

m 

w A {u,v) = {L{v)Uu,v)^QA Q {u) T? m (u',v m ) ■ ■ ■ if (u', Vl ) JJ a(ui - v k ) (B.3) 

fc=i 

n m 
fc=2 fc=l 

and similarly w; D = w As = 0, because of fl5T|) . Inserted into fl52l) this yields 



v fc=l 

V 

because 

v) Yl a(m - v k ) = g(uf, v) , 
fc=i 

where (j5%j) has been used. Therefore it remains to prove that the unwanted terms cancel. 
This will follow from the lemma below. ■ 

We apply Qi„. n {u) to the state ^i... n (u,v) (suppressing the quantum space indices) 

\ Aq(u) + Dq^(u) + Az,q{u) J = wanted + unwanted . 

The wanted contribution has been calculated above and the unwanted terms may be 
written as (see subsection IB.ip 

unwanted = uw A + uw D + uw A ' A 

.A 



uw 



uw D 



uw 



E { UW c\ + E E uw Ch C z,Q 

i=l i=l j=l 

m mm m 

E (««# *) . cl + E E «< iic ^ + E H*) , er 

i=l i=l j'=l i=l 

mm m 

E E ™£"<3w + E Hfi'O . (<?8,g) y . 



m m 

A 3 



i=l j'=l i=l 



Lemma B.l The unwanted terms satisfy the relations 

(uwg'^(u,v)g(u,v) = - (u,v®)g(u,v®) (B.4) 

y uw cl' 1 ) . (M>v) a(u,v) = - (uw£fj (u,v (l) ) g(u,v (l) ) (B.5) 



uwq'^(u, v^) g(u, v^) = —uwq^(u, vj^) g(u, v^) — uwq^ 1 \u, v) g(u, v) (B.6) 
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with the notation 



v = v 1 ,...,v m 



v {l) =v 1 ,...,v' i , ...,v m 
v iv) =v 1 ,...,v' i ,...,v' j ,...,v m 



v' = v + 2/v. 

Equations (B.4) - W.6]) imply that all unwanted terms cancel after summation over the v 



in the Jackson-type Integral 

Proof. The first relation (1B.4[) is the same as the relation of the unwanted terms for 
SU(N). The two others are new and more complicated to derive. We can calculate the 



following unwanted contributions explicitly (see subsection IB.lj) 

(uwp 1 ) (u, v) = -c{u' x - Vi)Xf (u, v) (B.7) 

(uwS'*) (u,v) = c( Ul - Vi)X®(u,v®) Xi (u,v) (B.8) 

= -/K - Vi)X®(u,v) (B.9) 

. (u,v) = /(«! - vdXjpfav®) X i(u,v) (B.10) 



with 



X^(u,v) = L(vi,Vi)^ $^(u,Vi) n a W Q i(^^) ( R11 ) 



k=l 



and 



X,(u,v) = a -^Y[ a -^\, (B.12) 

n, I 7; 7)1 nil)'. I 



where ai and a 2 are defined in floUl) . We use the short notations and /3. which means 
that Vi and /3j are missing, respectively. The remaining unwanted terms are 

uwcf(u 7 v) = -c(u[ - Vi)X {ij \v) (B.13) 

uw^\u,v) = (c( Ul - Vi ) + f(u[ - Vj )) XM(y®) Xi (u,y) (B.14) 

mi^fe,^ = - VjOX^^j, «}, x<(M, ^°' } ) Xj(u, v) (B.15) 

with 

m 

X (t3 \u,v) = f{vi j )a(v i j)L(v i ,Vj,ii ij )& 3 $(u,y 4j ) ( a ( v ik)a(v jk )) a^v^a^vj) , (B.16) 

k=l 
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where again means that v $ and Vj are missing. The claims (IB.4[) - (1B.6P follow from 
the shift property of the function g(u,v) defined in (I55|) 

Xi(u,v)g(u,v) = g(u,v®) 

which is due to the shift properties (153|) of the functions ^(u) and r(u). 
The states JJQ 1 ^ and X^ 12 ) may be depicted as 



( L) 



Vi 



n 



4 1} (m.s0 



7 



UJ I 



V2 



Ui 



u. 



n 



it, f 



/(ui2)o(i;i2) 



V3 



"1 



u, 



1 1 



Note that for the on-shell Bethe ansatz the equations for the unwanted terms look 
quite similar as (IB.7P - and (1B.15P (apart from the fact that there are no shifts) and their 
cancellation is equivalent to the Bethe ansatz equations 



0-2}% Vi) T~T a{vki) 

ai(u,Vi) a (v ik ) 



Uk 



1 m 

2 TT V ik + 1 



\ fa + |) - u k + \ Vifc 



in 



i . 



B.l The unwanted terms 

In our approach of the algebraic Bethe ansatz lemma 12.21 replaces commutation rules of 
the entries of the monodromy matrix. In the conventional approach one derives them from 
the Yang-Baxter algebra relations ( ITS]) and uses them for the algebraic Bethe ansatz. 



The unwanted terms uw A : We start with ( TB.3j) and use Yang-Baxter relations and 
lemma 12.21 in the form of (ITS]) 




= ^/A Q - uw A . 
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Note that the d(u' x — vi) contributions vanish because they produce terms with II ^ = 
(see (15Uj) ). This reads in terms of formulas as 

w A = (LU)^QA Q Tl m (yf, v m ) ■ ■ ■ 7f (u', v x )a(u x - v m ) . . . a(u x - v x ) 

= (LU) p n (R 0m (u[ -v m )... #01 K - T? m (u,v m ) ■ ■■Tf 1 (u,v x ) (T Q )J 



{m) Q,Tt{z m )---Tt{z x )A Q 



uw 



with 



uw 



J2 c« - Vi) (LIl)p Q (R 



Om I Vim J 



Oi 



Roi(v iX ))-'^ 



i=l 



xT?™(u,v m )---T?(u,v x )(T Q y i 



where lemma [2721 in the form of ([18]) has been used. We commute the Rik(vik) (for k < i) 
with II using Yang-Baxter relations and (|2T)|) and apply the Rik(vik) to L using (H5|) such 
that Rik{vik) — >• a(vik)- Further we use Yang-Baxter relations to the Rik{vik) (for k > i) 
and note that for R 0i (vik) only .R^-u^) = a(fjfc) contribute 



m 



x TT a(v ik )nA( Vi ) T^(v m )---T^(v x ) (T Q )l 

L J i 

fc=l,fc^i 

= (uw£) Cl + uw^C 2tQ , 



T^(v m )---T^(v x ) 



01 



(B.17) 
(B.18) 

which means that 



where we use the short notations v { , (3. and 

Vi, (3i and Ti(vi) are missing, respectively. We can apply (I50|) lM(t>j) = a x (u, The 
different unwanted terms are due to different values of 7 in (IB.17j) . For 7 = 1 the right 
hand side in flB.17j) vanishes because of H x = (see ( 128]) ). for 7 = 7 7^ 1, 1 this gives 
uwq and for 7 = 1 this gives uw A 2 . 

First we calculate (awp), using (1291) for 7 = 7 

m 

(uw^)^CP Q = - ^c{u' x -Vi) {L{vi, vAUivi, 1k))^p. 

i=l 

m 

x Haiv^a^vjn \T^(v m ) ■ ■■T? 1 (v x )} {T Q )\ 

L J i 

-1 

H 

m 



k=l 



i=l 
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with Xf defined by ( jBjTJ) . 



(B.19) 



fc=i 

k^i 



The remaining unwanted term MWp 2 comes from 7 = 1 in (IB. 17[) . Using (1321) we get 

m 

Jc 2 C 2 ,q = - J2c(u[ - {L{v h v^U.{v h vd)ip, 
1=1 

m 

x n a(v ik ) ai (u, Vi)Q \T^(v m ) ■ ■ ■ 2f ( Vl )l (T Q )\ 



k=l 

k^i 



m in 

c(u[ - ^ f{vij) (L(v h Vj^i^&mivi 

i=l 7=1 



jQa(^ fc )ai(M,Wi) Y[ a(fjfc)ai(M,fj)fi T^ m (v rn ) . ..T^(vi) 

1 k=l 

i kj^ij 
m m 

J2c(u[-v t )J2x^(v)C 2tQ 



k=l 

k^i 



a 



2,Q 



7=1 



i=i 



with defined by (IB. 16[) . Therefore we obtain [uw c ,l j _ (w, v_) and uw c '^ (u,v) in the 
form of (lR7j) and flB~T3|) . 

The unwanted terms For convenience we add an extra line to II and consider 

IT Tg^u'^v). Using QTqI = (see ( 15"Tj) which also implies that the D-wanted term 
vanishes) , Yang-Baxter and (|T7|) we derive 



= L(v 




L(v) 



























X 


7 



+ ^ci^Vi - ui)L(v) 



i=l 



TV 



Ml 



7 
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where the dot in the last picture means the the spectral parmeter on the left of it is u\ 
and on the right of it is v^. Again the d{vi — Wi)-terms do not contribute because they 
produce terms with IT"j = (see fl30l) ). In terms of formulas this reads as 



= L^(v) (nK,«)flio(t;i - u[) ■ ■ ■ R m0 (v m - u[))f y n (T Q y. T^{v m ) ■ ■ ■ 2f ( Vl ) 



^1, 



L^v)^,{z)SlT^{v m ) ■ ■■T^{v 1 ) {Dq)1 - uw D . 



with 



uw 



.D 



L^v)U^(v)nTf-(v m ) ■ ..T?( Vl ) (D Q )1 

m 

L^v)U%(u[,v)QTf-(v m ) ■ ■ -if fa) (Tq)?' - J>fa - Ul ) 



(B.20) 



= He)* Cj + uw° 2 C 2>Q + (uw° 3 ) &Y (C 3>Q ). 



P«0 ' ' ' Rmo(v m i))1__'^ 



(B.21) 



where lemma 12.21 in the form of (Tl7|) has been used. The different unwanted terms are 
due to different values of 7' in (IB. 20}) and (IB. 21}) . For 7' 7^ 1 in (IB. 20}) the second term 
cancels the first one. For 7' = 1 in (IB. 20}) we get (uwq 3 ) „ 



K) f C^' (C 3)Q ). = -L t {v)U^{u^v)nT^{v m ) ■ ■ -if (T Q )\ . 
Using ( l34j) we get 

m 

= - f« - v i) ( L (v.)Ru-i ■ ■ ■ RnC^u^eiRim ■ ■ ■ Ru+i) 1 , nrf»(« m ) • • ■ if fa) 



1=1 



8=1 



fe=l 



where as above we have replaced the R-matrices by afa&). Finally we obtain with (IB. lip 

m 



7 



Therefore we obtain ( uw. 



D,i 

^3 



in the form of (1B.9P . The remaining unwanted terms 
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are due to flB~2l! 

m 

W)* C Q + UW C 2 C 2,Q = ~ E C ^ Vi ~ 



i=l 

x L $ (v)n%(u[,v)nT^(v m ) ■ ■■T${v 1 ) (T Q )^„ (R w (v lt ) ■■■P i0 --- R m ^v m ))t% 



,7 



fc=i 



_____ _____ Ul Ul 

where (TStjj) . (|45p . (j46p and fiT^, *(i>j) = ^^(^i^ have been used. For 7' = 1 this vanishes 
because of f )28|) . For 7' = 7 ^ 1,1 this gives 

m m 

(uw$) = -J2c( Vi - Ul ) (Lfe^ITfe))^ Q \T^{v m ) ■ ■■T 1 ^{v 1 )} .Y[a(v ki )a 2 { Vi ) 



i=l 



k=l 

k^i 



i=i 



where vy' means that Vi is replaced by v[ = Vi + 2/v and Xi n) is defined by (1B.12j) . 
For 7' = 1 we get using ( 154"j) and c{yi — Ui)f(u[ — Vj) = (c(wi — v^) + f(u[ — Vj)) fiy'^) 



uw. 



D 

c 2 



J2c( Vi - Ul ) (L^^jnK^))^ n [Tf m (u m ) • ■■T^(v 1 )] J[a{v ki )a 2 { 



i=i 



fe=i 

k^i 



m m 

i=i 7=1 



X 



Tf m (f m ) • ■ -T^iyi) \ \\ a(v ki ) JJ a( y v jk )a 2 (v i )a 1 ( y v j ] 



k=l k=l 



-EE ( c («i - «*) + M - »;)) ^(^k^) 



1=1 i=i 

3*A 



with given by (IB. 16[) . Therefore we obtain [v/Wq ,% \ (u,y) and uw^ lJ (u,v_) in the 



P,ij, 



form of flR8j) and fjB14]) . 



The unwanted terms m/;" 43 : Using VLTql^ = (see (lo"Tj) which also implies that the 
^3-wanted term vanishes) and Yang-Baxter relations we derive 
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i i i. 



n 1 : 






Ml 




Vi 










< 







III, 

n 



Ui 



7 



u[ u n 111 

-y' Rl rJ gi 

or in terms of formulas (with Tg '- (v, u) = (R w (vi — u) . . . R m0 (z m — u))^- 

and Tp (u, v) = (i?io(wi — v) . . . R n o(u n — v))g where the quantum space indices are sup- 
pressed) 

= (Lfe)n(«))^T^(, 1 ui)nTj i («)Tf™(n> m ) • ■■T^(yf,v l ) 
= (L(v)U{v))^r(u,v m ) ■ ■■T^(u,v 1 )Tl 7 (^Tli tl (v,u 1 ) (B.22) 

m 

= l[(l + d(v k - Wl )) ^L(v)U(v))^QT^(u,v m ) ■ ■■T^(u,v 1 )A 3iQ (u) - uw A ^j , 

k=l 

where the term written down comes from 7 = 1 in (IB.22[) . It has been used that 
- / - 1 m 

Tl'- hl {v,Ui) = (R W (Vi - Mi) . . . R m o(v m - = II (1 + d ( v k - «l)) ^\ ■ 

k=l 

The different unwanted terms are due to different values of 7 in flB.22j) : for 7 = 7 ^ 1,1 

we get {uwg) = (uwffl 



(uw^lY J] (1 + d(v k - Ul )) = - (L(v)U(v))^r(u,v m ) ■ ■■T^(u,v 1 )Tli jl (v, 



u i, 



k=l 



A 3 



and for 7 = 1 we get uvJq 



( uw cl) II ( X + d ( Vk - = - ( L (nMv))^r(u,v m ) ■ ■■T^(u,v 1 )T 1 J 1 - 1 (v,u 1 ) . 



k=l 



The determination of these unwanted terms is not so direct compared to those of the A- 



and .D-unwanted terms. In particular for uw^ 3 we use more complicated arguments. 



To calculate uw£? we use special components of the Yang Baxter relation (Tl6l) 



Using - 1) = -1, 7^ d (u') = <5?lf.'..i for a ^ 1 and 
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t i"i,/3( m ) = ^j 1 ?-! nr=i c 1 + ^(^ - «)) we derive 



w) = -T&yfeu + l/i/ - 1) n (1 + d (v k - u)) CW 

fc=i 

m m 

= - J] (1 + - It)) /(« - «i) (^la(«l<) • • • Pio • • ■ flla^mt))!?^ 

fc=l i=l 

For the last equality ( 1T7|) and c(v — (u + 1/v — 1)) = /(« — t>) have been used. Therefore 

m 

H4% = - v <) (^(s)n(E)) £ n2S:(3£,«m) • ■ -2§(s*,«i) 

1=1 

X (Rla(v U ) . . . P io . . . -Rla(^mi))i-.i^ 
m m 

= £ /(«! - «<) (L(t>-, ^)nfe))^ J] a(^)a 2 (^)fi \T^(v m ) ■ ■ ■ T^( Vl ) 



fc=i 



i=i 

We obtain (tiWp 3 ' M (u, y) in the form of (IB. 101) . In order to calculate 



fc=i 



(B.23) 



we prove 



Lemma B.2 The unwanted term uwq z 2 is of the form 



m m 



UW. 



A 3 
r* 2 



i=l j=i,j^i 

Proof. Using (ITT)) we have 
li^VLT^r {u, v m ) ■ ■ ■ T^ (u, Vx)Tl~ hl (v, Mi) 



The c(t> j — Mi)-terms do not contribute because they produce terms like VLB • • • = 0. The 
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Yang-Baxter equation for R implies 



J I.. 



.a/3.. 



(nWl^fl • • • T£(vj)Tp,(vi) . . . 



= (n(%))-^... n [. . . T^(vj)Tf(vi) . . . \ (i + d( Vji )) 
+ (n(%))>... nL T^(vj)T?(vi) ... 1 (c( Vji ) + d( Vji )) 



+ (nrf^., n [. . . T?K-)7f («,) ... J d(%-)c^ (b.24) 

Iterating this formula we move the Tj-operators to the left and finally UQTi ■ ■ ■ = 0. 



Therefore UjQT^ m {v m ) ■ ■ ■ T^{v x ) is a sum of terms like 



Pi i 



Similar as for Tj P we can move the two T^' -operators to the left using 



n 



•2?W*r (%)••• 



[R( Vji )U( Vj 

= (n(««))?. /jB .„n(...25(«i)^(««) 

= O ((■ ■ ■ T^ Vj )T^ Vi ) ...) + (... T?( % )lf fa 



c(v«) 



and finally 



(H)^ VT?{vm fa) ■■■ = (H)^ 5^a 2 ( Vi )a 2 ( Vj )n 



We calculate fi 2 (v) and f 2 i{v), the other are due to (jlSjl related to fi 2 (v) by 

the symmetry 



(x,(v ii )n(v ii ))-^ i 



We insert in (1B.23|) the intermediate states 7 = 1, 0, 1 behind the second R-matrix in the 
monodromy matrix T^.'.i =.(u, U\) 



uw 



11(1 + - = - ( Ln )/3 



k=l 



[U,V r . 



x (flfa - Ul )R(v 2 - Ul ))\f^ {R(v 3 - Ul )... R{v m - u^Ji 



TgHu, Vl)C 2 Q 
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Similar as in the proof of lemma IB. 21 one can show that for 7 = 1 there are only contri- 
butions to fij with 2 < i < j and for 7 = there are only contributions to or f 2 j with 
2 < j. So we have to consider only 7 = 1 where we use 



(R(v 3 - Ul )... R(v m - u 1 ))\^f m = H (1 + d(v k - Ul )) lg;^ 



k=3 

to obtain for the contribution of f X2 and f 2 \ to mw^ 3 flfcLi (1 + ^(^fc ~~ 



(LEQ-rczf-KO • • • Tf 3 (v 3 ) t£ 2 (u 2 ) Tt} (vi) C 2 q 



m 

I w 



x (R( Vl - ui)R(v 2 - u 1 ))]; i J 2 + d(v k - Ul )) 

k=3 



Using (I17p we obtain (similar as in the proof of lemma IB. 21 

UpTt n (v m ) ■ •■Tto(v 3 )Tjg(v 2 )Tfc(v 1 ) (R( Vl - ui)R(v 2 - u x ))\?f 



+ c(v 2 - Ul )Ilpr^(v m ) ■ ■ ■Tt i {v 3 )T(\v 2 )T^{v l )a{v l2 ) 
+ d{v x - Ui)UpT^{v m ) • • • T^(v 3 )T^(v 2 )T^( Vl )a(v 12 ) 

+ d(v 2 - ui) (R(v 2 i)uY^Tl m (v m ) ■ ■ ■ T? 3 (v 3 )T? 2 {v x )T^ (v 2 ) . 
The c-terms do not contribute to f X2 and f 2X . For the first <i-term we may replace (because 

of (EH) ) 

1/3, 



...T?{v 2 )T?{v x ) ...T?(v 2 )T?(v x ) f(v X2 )C^ + ... 



n 

and obtain 

d{v x - Ul )U^nT^(v m ) ■ ■ ■ T^(v 3 )T^(v 2 )T^(v x )a(v 12 ) 



-d(vi - u x )f(v X2 )U^}T^(v m ) ■ ■■Tt i {v 3 )T^{v 2 )T^{v 1 )a{v 12 )C^ + 



where the missing term again does not contribute to f X2 and f 2X . Similarly for the second 
d-term 



d(v 2 - ui) (R(v 2 i)nyQT^(v m ) ■ ■ ■ T^(v 3 )T^( Vl )T^(v 2 ) 
= -d{v 2 - Ul )f{v 2 i) (h(v 2l )Ti)-£lT^(v m ) ■ ■ -T^(v 3 )T^ ( Vl )Tf{v 2 )dK + ... 
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In order to move T^(v 2 )T-?{vx) to the left we consider 

((r(v 32 ) • ■ ■ R(vm2)) (r(v 31 ) . . . R(v rnl )) nY^T^(v 2 )T^( Vl )T^(v m ) . . . T^{v 3 )C 

x ((R(v 32 ) . . . R(v m2 )) (R(v 31 ) . . . R(v ml )))l ^ ( 

= n|OTf> m ) . ..T^(v 3 )T^(v 2 )T^( Vl )C^ + ... 
therefore 

d( Vl - Ul ) (LU)^T^(v m ) ■ ■■T{ l3 {v 3 )T{ l2 {v 2 )T^{v 1 )a(vi2) 

'L{v) (k{v 32 ) . . . R{v m2 )) (A(v 31 ) . . . R(v ml )^j n (v 12 ) Ul 2 



77 



x d( Vl - u l )f{v l2 )a{v X2 )nT^{v 2 )T^{v l )Tt{vm) ■ ..T^(v 3 )C^ + 



— —d(v\ — Ui)f(v 12)0(^12) (-^(^1)^2^12 

x a 2 {v 2 )a 2 { Vl )QT^ m {v m ) . . . T^{v 3 ) + ... 



£-12 

fc=3 



Uk=3 a ( v 2k) a ( v ik) 

= -d(vi - u 1 )X {12 \v[,v' 2 ,v 12 )xi(u,v {2) )x2(u,v) + ■■■ 
where the missing terms again do not contribute to j\ 2 or f 21 . Similarly 

d(v 2 - Ul ) (lR(v 21 )IL) nT^(v m ) ■ ■■T^{v 3 )T^{v x )T(\v 2 ) 



'L(v) (h(v 21 )R{v 31 ) . . . R{v ml )) (k{v 32 ) . . . R(v m2 )^ C 21 n (v 12 
x d(v 2 - ui)/(«2i)a 2 (« 2 )o 2 (i; 1 )n2f"(T; m ) . • • T^ 3 (v 3 ) + ... 

m 

= -d(v 2 -Ui)f{v 21 ) (L{v' 2 ,v[,v 12 )C 21 Jl{v l2 )) p a(v 21 )Y[a(v k2 )a(v kl ) 



k=3 



x a 2 {v 2 )a 2 { Vl )nT^{v m ) . . .lf> 3 ) + ... 
= -d(v 2 - u 1 )X (21 \v 2l v[,v 12 )x2(UiV {1) )xi(u,v) + ■■■ 
Note that XjilLi H^)Xi(lLi V.) — Xi{u.jU^)Xj{lLjV) an d 

X^ 21 \v' 2 ,v[,v 12 ) = -X^\v[,v' 2 ,v 12 ) 

because of the identities 



oj _ Ro(v 2 i) . , = 12 



L(v' 2 , v[,v 12 )C = — — ^L(v[, v' 2 , v 12 )C 
a(v 21 ) 

f(v)R (v) = - a (-v)f(-v) . 
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Finally 

A 3 ,12 . A 3 ,21 

uw c t + uw C2 

d{y\ — ui) d{v 2 — Ui) 



(1 + d(v x - ux)) (1 + d(v 2 - ui)) (1 + d(vx - m)) (1 + d(v 2 - Ul )) 

= (f(ui - fi) - f(ui - v 2 )) X {12 \v[,v' 2 ,v 12 )xi(u,v {2) )X2(u,v) 

= (f( Ul - v^X^iv'^v,,) + f( Ul - v 2 )X^\v' 2 ,v[,v l2 )) Xi(u,vW) X 2(u,v) 

we set 

uw c 3 2 ' 12 = ~f( u i ~ V2)X (12 \v[,v 2 ,v 12 )xi(u,v (2) )X2(u,v) 
uw ct' 21 = ~fi u i - vi)X {2l \v' 2 ,v[,v l2 )x2(u,v {1) )xi(u,v) 
uw^?™ = -f(ui - v j )X (t3 \vl,v' j ,v ij )xi(u,v b) )Xj(u,v) 

which satisfy the desired symmetry. Therefore we obtain uWq^' 1 \u,v) in the form of 
(IBT5|) . 

C Proof of Theorem 14.11 

Proof. 

1. The weights ( 174"j) of the reference state Q (14"9|) are 

w = (n = no, 0, . . . , 0) 
In level k = 1, . . . , [(TV — 3) /2] of the Bethe ansatz the weights are changed as 

w k -> w k - n k , w k+ i w k+1 + n k . 

This means the states v) of (T4T1) are eigenvectors of the weights. Using in 

addition (JSOD for 0(3) and for 0(4) we obtain w = 

f w . w ) = S {n-nx,...,n [N/2yi -n m ,n [N/2] ) for TV odd 

1 / J' | (n — ni, . . . ,niN/2]- 2 — — n + ,n^ — n + ) for TV even. 

2. The proof of the highest weight property 

^{v)M} t = V(v)M? = ^{v)M\ = 
uses similar techniques as the derivation of the unwanted terms. 
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i) We use QB^lv), Yang-Baxter relations and apply lemma ¥Z?2\ for v — > oo 



i i i 



n 



1 1 i 



Ui 



u 



I I I 



n 



i l 



7 



1 1 1 

















Vi 




1 




Ml 




1 



+ 0(v' 



n 



i i i 



+ ^C(«-Vi) 



1=1 

















Vi 




7 




Y 


Ui 




i 



I I I 



n 



i l 



i=l 




7 



111 



Multiplied with this reads in terms of formulas as 
= (L(v)U(v))pQB^v) T^{v m ) ■ ■ ■ T?i( Vl ) 



(L(V)U(V)) n (R 0m (v -V m )... Rqi(v ~ V X ))*j ( Vm ) • • • if " (^)T 7 , (v) 



IP" 



X (R m (v l ~V) ... R 0m (Vm ~ ^))l~l,7 + ( V ) • 

With equations (16TJ1) . (|71[) and using similar techniques as for the derivation of uWq 
and uwq above we obtain 

m m 



8=1 



j=l 



with and Xi defined in flB.llj) and (IB. 12[) . After multiplication with g(u,v 



and summation over the v the terms cancel each other because of Xi{lLiV)g{lki1l) 
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ii) We consider 



i i i 

n 



T 



Ui 



1 = 2j d(vi - v) 



u, 



n 



1 1 



7- 



f 1 



u 



7 



1 1 1 

n 



i=i 



i=i 



111 



1 +0{v~ 2 ) 



u, 



1 1 1 



n 



1 1 



"1 



U, 




111 



+ 0(v' 



Multiplied with L(v) this reads in terms of formulas as 



7/3 



(L(v)Il(v))p (R l0 (v 1 -v)... R m0 {v m - v))'*r n ttl?(v) T^{v m ) ■ ■ ■ T^{ Vl ) 



(L(v)TL(v))p (R 10 (vi -v)... R m0 (v m - v))q, SI T\ 
*(v)T?(v) + 0(v- 2 ) 



1 \Vm) 



•if fa) + 0(0 



+ (L(v)Tl(v))^Tgr(v m ) ■ ■■T^(v 1 ) (R w ( Vl - v) . . . R m0 (v m - v))^ . 

It has been used that only 7 = 1 contributes because of QB 2 = SIB 3 = 0. We apply 
lemma [2721 for v — > 00. With equations (169|) . (TTTT) and using similar techniques as 
for the derivation of uwq 3 and w^ 3 above we obtain 

m m 



i=l 



i=l 



Again after multiplication with g(u,v_) and summation over the v the terms cancel 
each other because of Xi(lL,v)g(lL,lL) — g{u,V. )■ 
in) We consider 



1 1 1 

n 



1 1 1 



■ 1 1 

n 



1 1 



= VLM\ 



V 

111 



u. 



111 



1 1 1 
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i i i 

n 



+ ^2c(v-Vi) 



11 1 

t 



i i i 

n 



i=i 



i 



u. 



i=l 



1 1 1 



II, 




1 1 1 



I I I 



n 



i=l 




0(V 



111 



T${v x )n,{v) 



or in terms of formulas 
= VLM\ . . . 

= (L(v)U(v)) t {R(v -v m )... R(v - Vl ))^QT^(v m ) 
x (R(vi -v) ... R(v m - v))^-^ . 
For v — > oo we apply lemma I2.2[ equations ( 169|) and (ITT]) and obtain 

m m 



i=l 



i=l 



where similar techniques as above for the derivation of the unwanted termd have 
bee used. Again after multiplication with g(u,v_) and summation over the v the 
terms cancel each other because of Xi{%^Xj{%U)9{% U) — QiM^v^ 1 ^). 

iv) Next we prove 

ty(v)M7' = 0, 1 < j' < 7 < 1 . 



We consider 



T YP' 



M^/f (v,v)nT^(w m ) ■ ■■Tt(w 1 )T7(v) + 0(ir 2 ) 



L(v) (t«)T (v)) nl(v)n^(v)T^(w m ) • • -Tf>o + o(v 



where Yang-Baxter rules and (|26|) have been used. We have also used that by ((32 
and (ED 

n^(v,v) = 6;'ii((v) + o(v- 1 ) 

- v) . . . R(w m - v)) l m = li... m l + 0(v~ l ). 



For v — > oo the highest weight condition L(v_) (M^)? = implies the claim. 
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3. The highest weight properties of the weights are obtained as follows. The commu- 
tation relation relation ( I78p reads in the complex basis as 

[M?, Mp] = -S^Mf + C a ' p ' (CM) af) + Mf < - (MCf a ' C a/3 . 

In particular for (3 ^ a, a 

[Mf , M$\ =M%- Af| = Ml + M| . 

Because of (Mf) f = 

< Mf (Mf ) f = .\/,;.U': = MpM% + A£ - Af| . 
Applying this to highest weight co- vectors with 

= for a < 

we obtain for the weights (!74|) 

< w a - wp for a < < N/2 . 

In addition if N is even 

< w a + w-p for a < N/2 < f3 ^ a 

=>■ Wi > W 2 > ■ ■ ■ > W N / 2 -l > \w N/2 \ 



and if N is odd 



< w a for a < N/2 because ^M ° = 

=>■ W\ > W2 > ■ ■ ■ > Wn/2 > . 
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